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Axial thermal gradients play a key role in monolithic diesel particulate filters. For
complete particulate regeneration, the ignition location must be near the leading edge
of the diesel particulate filter. A new reduced model in terms of the capacitance-
weighted and mixing cup average temperature is formulated here using the Liapunov–
Schmidt reduction technique to describe the ignition behavior and account for the
axial variation. The major advantage of the reduced model is that one can neglect the
details of the fine scale dynamics and focus on the large scale dynamics. This new,
reduced model has the ability to accurately predict two important ignition characteris-
tics: ignition time and ignition length. Based on the reduced model results, it is shown
that the thermal dispersion [a coupling of transverse diffusion (short-scale) and axial
convection (long-scale)] plays a dominant role on ignition. � 2007 American Institute of

Chemical Engineers AIChE J, 53: 1316–1324, 2007
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Introduction

Monolithic particulate filters are widely used in diesel par-
ticulate emission control. They consist of many parallel chan-
nels, which are alternately plugged at either end to force the
exhaust gases through the porous ceramic walls. The particu-
lates are deposited on the inside wall of the inlet channel to
form a thin, porous soot bed. Once a sufficient mass of par-
ticulates is collected, it is burned off to regenerate the fil-
ter. Despite the great improvement in their design, diesel
particulate filter (DPF) systems still experience unreliable
regeneration.

Many experimental efforts have been devoted to study
thermal runaway in DPF during regeneration. McCabe and
Sinkevitch1 showed that there exits a critical value for the
soot temperature beyond which thermal runaway (also
referred to as ignition) occurs. Furthermore, Hayashi et al.2

and Kobashi et al.3 have shown that ignition is necessary for

complete regeneration and that regeneration can be strongly
affected by the inlet gas temperature, exhaust gas flow rate,
and oxygen concentration as these parameters may affect the
axial location of ignition within the DPF.

Models have also been developed to predict DPF perform-
ance, most notably Bissett’s one dimensional4 and Bissett
and Shadman’s zero dimensional model.5 These and other
more complex models include several partial differential
equations containing a very large number of physico-chemi-
cal parameters. Because of the strong coupling between the
transport and reaction rate processes, the model equations are
highly nonlinear. Even with the present day computational
power, it is impractical to explore the different types of solu-
tions (regeneration behaviors) for this complicated filter sys-
tem. Simple correlations need to be derived for use in DPF
design and control. The work presented here follows the
chemical reaction engineering literature,6–8 and in particular
for automotive catalytic converters.9–11

Recently, Zheng and Keith12,13 derived analytical ignition
criteria (based upon Bissett and Shadman’s zero dimensional
model5] to predict the critical inlet exhaust gas temperature.
This criterion is valid when the axial convection time is
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small compared with the transverse interphase heat transfer
time (high exhaust flow rates). However, the DPF is not usu-
ally operated within this range. Therefore, this manuscript
focuses on the development of an accurate, low-dimensional,
reduced model for this more practical case and will be used
to predict DPF ignition.

Mathematical Model for the DPF

Because of the symmetry of the structure, we can consider
the domain shown in Figure 1 where the axial distance down
the channel is measured by z, and the transverse distance is
measured by x (starting at the center of the inlet channel and
ending at the center of the outlet channel). The governing
equations in dimensional coordinates are described in detail
in the appendix.

Using h (channel half width) and L (channel length) as the
characteristic lengths in the transverse and axial directions, uR
as the reference axial velocity, kg as the reference heat conduc-
tivity, (rCp)g as the reference heat capacity, TR ¼
Tinlet as the reference temperature, and rR (yRTR) as the refer-
ence reaction rate, we obtain five time-scales in the system asso-
ciated with axial convection (tC ¼ L=uR), transverse convection
(t0C ¼ h=uR), axial thermal diffusion ðtD ¼ ððL2ðrCpÞgÞ=kgÞ,
transverse thermal diffusion ðt0D ¼ ðh2ðrCpÞgÞ=kgÞ, and reaction
ðtr ¼ ðð1� epÞrpÞ=ðMcrRÞÞ. The ratios of these time scales give
rise to four dimensionless parameters: Pe (reactor scale trans-
verse Peclet number) ¼ t0D=tC ¼ ðuRh2ðrCpÞgÞ=ðLkgÞ, P (axial
Peclet number) ¼ tD=tC ¼ ðuRLðrCpÞgÞ=kg ¼ Pe=�2, Px (local
transverse Peclet number) ¼ t0D=tC ¼ ðuRhðrCpÞgÞ=kg ¼ Pe=�,
and Da (reactor scale Damköhler number) ¼
tC=tr ¼ ðLMcrRÞ=ðuRð1� epÞrpÞ, where L ¼ h/L is the aspect
ratio of the monolith filter channel.

Choosing the following dimensionless variables:

t ¼ t

tC
; x ¼ x

h
; �z ¼ z

L
; �v ¼ v

uR
; �u ¼ u

uR
; �k ¼ k

kg
;

ðrCpÞ ¼ ðrCpÞ
ðrCpÞg

; �r ¼ r

rR
; B ¼ E

RTR
; y ¼ E

RT2
R

ðT � TRÞ;

B ¼ E

RT2
R

ð�DHÞð1� epÞrp�ð1� epÞðrCpÞp þ epðrCpÞg
�
Mc

;

The governing equation in dimensionless form is given as

�a
q2y

qx2
¼ Pe

qy
qt

þ �u
qy
q�z

� �a
P

q2y
q�z2

þ g�v
�

qy
qx

þ K�rðY; yÞ
� �

(1)

with

�a ¼
�k

ðrCpÞ
¼

1; i ¼ 1ð0 � x < 1Þ;
4ð1þ wb þ ws < x � 2þ wb þ wsÞ

kep
ð1� epÞGp þ ep

; i ¼ 2ð1 � x < 1þ wbÞ

kew
ð1� ewÞGw þ ew

;

i ¼ 3ð1þ wb � x � 1þ wb þ wsÞ

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

;

�u ¼
u1; i ¼ 1

0; i ¼ 2; 3

u4; i ¼ 4

;

8><
>:

K ¼ �BDa; i ¼ 2

0; otherwise

(

where the subscript i identifies the different phases: i ¼ 1 for
inlet channel (0 � x � h), i ¼ 2 for the deposit layer (h � x
�h þ wb), i ¼ 3 for the substrate wall (h þ wb � x � h þ
wb þ ws), and i ¼ 4 for the outlet channel (h þ wb þ ws �
x � 2h þ wb þ ws). It is noted that ui is the axial velocity,
vi is the transverse velocity, and ag is the gas thermal diffu-
sivity. [Remark: the dimensional equation in vector form is
given in the appendix as Eq. A4.]

The boundary conditions are:

qy1
qx

¼ 0 at x ¼ 0;

qy4
qx

¼ 0 at x ¼ 2þ wb þ ws;

qy2
q�z

¼ 0 at �z ¼ 0 and �z ¼ 1;

qy3
q�z

¼ 0 at �z ¼ 0 and �z ¼ 1;

u1 ¼ 0 at x ¼ 1;

u4 ¼ 0 at x ¼ 1þ wb þ ws;

u1 ¼ 0 at �z ¼ 1;

u4 ¼ 0 at �z ¼ 0;

v1 ¼ 0 at x ¼ 0;

v4 ¼ 0 at x ¼ 2þ wb þ ws;

y1 ¼ yinlet u1 ¼ uinlet at �z ¼ 0:

where wb ¼ wb/h and ws ¼ ws/h. The initial conditions are
y1 ¼ yb when t ¼ 0 for all z and x, where yb is the dimen-
sionless initial temperature.

It should be noted that the reactor scale transverse Peclet

number Pe of the monolith filter is defined as the ratio of the

transverse diffusion time ððh2ðrCpÞgÞ=kgÞ to the convection

time (L=uR) in the channels, which is small for a narrow
channel and low gas flow. In the limiting case of Pe ¼ 0,

Figure 1. DPF channel.

The exhaust gas flows into the inlet channel, and is forced
to flow through the porous particulate layer and substrate
wall because of the closed end of the inlet channel. The
exhaust gas then flows out the filter through the outlet channel.
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the temperature is uniform throughout the transverse domain,
and only the temperature gradients in the axial direction
exist. This will be an important assumption in the Liapunov–
Schmidt reduction which follows.

Liapunov–Schmidt Reduction

The Liapunov–Schmidt reduction technique of classical
bifurcation theory has been used recently for deriving low-
dimensional models for thermal and solutal dispersion prob-
lems and homogenous reactor models.6–8,14 This technique is
based on a perturbation expansion near a zero eigenvalue.
After a brief review of the method, in this section we derive
a new reduced model for the DPF in terms of average varia-
bles using the Liapunov–Schmidt technique.

Background

As an example, we will consider dispersion without reac-
tion in tubular flow. It is noted that this is one of the most
common geometries for reactive systems, and has application
to the DPF problem considered in this manuscript. The two-
dimensional Danckwerts model is frequently used in the liter-
ature, and is given by:

qC
qt

þ u
qC
qz

¼ D
1

r

q
qr

r
qC
qr

� �
þ q2C

qz2

� �
(2)

where t is time, r is the radial direction and z is the axial
direction. The system has an initial condition at t ¼ 0, C ¼ Co

and boundary conditions: at r ¼ 0, rðqC=qrÞ ¼ 0, at r ¼ R,
qC=qr ¼ 0, at z ¼ 0, uðC� CinÞ ¼ DðqC=qzÞ, and at z ¼ L,
qC=qz ¼ 0, where R is the tube radius and L is the tube
length. The purpose of the Liapanov–Schmidt reduction tech-
nique is to reduce the dimensionality of the governing conser-
vation equation. For the tubular flow problem described by
Eq. 2, the concentration depends on time, radial position, and
axial position.

The approach of the Liapunov–Schmidt reduction tech-
nique (which will be illustrated in the next subsection for the
DPF) is to define cross-sectional averaged concentrations and
derive, and then solve the conservation equations in terms of
these average quantities. It is most common to use the aver-
age concentration hCi and the mixing-cup concentration Cm.
Mathematically, these averages are given as:

hCi ¼

RR
0

rCdr

RR
0

rdr

(3a)

and

Cm ¼

RR
0

ruCdr

RR
0

rudr

¼ huCi
hui (3b)

This gives a two-mode model that recasts the Danckwerts
system in Eq. 2 in terms of hyperbolic equations. Application
of these averages to the two-dimensional Danckwerts model

yields a system that depends only upon time and axial posi-
tion:

qhCi
qt

þ hui qCm

qz
¼ D

q2hCi
qz2

� �
(3c)

Cm � hCi ¼ �Deff

hui
qhCi
qz

(3d)

where Deff is the effective dispersion coefficient. The initial
condition is hCi ¼ hC0i and the boundary conditions are
given as at z ¼ 0, huiðCm � Cm;inÞ ¼ DðqhCi=qzÞ and at z ¼
L as qhCi=qz ¼ 0. This method is only valid after the trans-
verse diffusion timescale, R2/D has elapsed. However, it is
noted that the model is of reduced dimension and offers
more rapid simulation and the possibility of analytical solu-
tions if there are some relaxed kinetic approximations, a
strong advantage of the Liapunov–Schmidt reduction tech-
nique. This approach can also be used to appropriately sepa-
rate disparate time and length scales that often arise in mod-
ern chemical engineering problems.

It is noted that the theoretical development is described in
more detail within mainstream chemical engineering publica-
tions by the group of Balakotaiah,6–8,14 and in the interest of
brevity is not shown here. In the following sub-section we
will utilize this theory for the DPF.

Application to the DPF

The analysis begins by assuming negligible deposit con-
sumption prior to ignition. With this assumption, the mass
balance equation for the deposit layer can be neglected. The
transverse domain O is defined as 0 � x � 2 þ wb þ ws,
and the linear operator £ over the domain O is defined as

£y � �aDy (4)

where the operator D is the Laplacian operator for the trans-
verse direction (D ¼ q2=qx2). The thermal coefficients a are
constant in each phase, but vary from phase to phase and are
hence functions of the transverse coordinate x.

Equation 1 is rewritten as

Fðy;PeÞ � £y� Pe
qy
qt

þ �u
qy
q�z

� �a
P

q2y
q�z2

þ g�v
�

qy
qx

þ K�rðyÞ
� �

¼ 0

(5)

[Remark: Even though the reaction rate r is a function of y,
for simplicity it is not written in Eq. 5. This system will be
solved with the usual assumption of negligible reactant con-
sumption in classical ignition theory. Thus, a balance equa-
tion for the particulate deposit is not presented here. This
assumption will be described in more detail in a subsequent
section.] This operator £ (with Neumann boundary conditions
qy=qx ¼ 0 at x ¼ 0 and x ¼ 2 þ wb þ ws) is symmetric and
has a zero eigenvalue with a constant null eignenfunction f0,
which can be chosen as unity. The average operator hli is
defined as

1318 DOI 10.1002/aic Published on behalf of the AIChE May 2007 Vol. 53, No. 5 AIChE Journal



hoi ¼ ½o;f0� ¼
1

OCp

Z2þwbþws

0

ðrCpÞodx (6)

where OCp
¼ R2þwbþws

0

ðrCpÞdx is the total capacitance of the

system. Using this concept, y can be expressed as

y ¼ hyi þ y0 (7)

where hyi is the capacitance-weighted average temperature
and y0 is the perturbation of the local temperature y from
hyi. Because of the Neumann boundary conditions on y, it
follows that

h£yi ¼ 0 and hy0i ¼ 0 (8)

Applying Eq. 6 to Eq. 5 and invoking the dimensionless
mass continuity equation yields:

qhyi
qt

þ h�ui qym
q�z

� 1

P

q2h�ayi
q�z2

þ hK�rðyÞi ¼ 0 (9)

where ym ¼ h�uyi=h�ui is the mixing cup average temperature.
We note that the axial heat conduction term in the aver-

aged equation is order of 1/P. The value of P ¼ Pe/L2 can
be very large for a narrow channel even when the value of
Pe is small. In the monolith filter problem, the value of L (L
� 0.004) is far smaller than the value of Pe (Pe � 0.3).
Therefore, P is far greater than unity. It should also be noted
that the dimensionless thermal diffusivity is also small (a ¼
1 for the gas, and a � 0.03 for the particulate matter and ce-
ramic wall). Other terms in Eq. 9 are of unit order. This
shows that the axial heat conduction is unimportant, espe-
cially in the ignition phenomenon, and thus can be safely
omitted. Therefore, Eq. 9 becomes

qhyi
qt

þ h�ui qym
q�z

þ hK�rðyÞi ¼ 0 (10)

and will be referred to as the ‘‘averaged equation.’’
Equation 5 can be solved with by using a perturbation

expansion of y0 in the small parameter Pe, such that

y0 ¼ Pey1 þ Pe2y2 þ � � �; (11)

One obtains the trivial solution £hyi ¼ 0 at order unity
and

£y1 ¼ qhyi
qt

þ �u
qhyi
q�z

þ K�rðhyiÞ (12)

at order Pe. It is worthwhile to point out that Eq. 12 shows
that at leading order the thermal dispersion is caused only by
the nonuniform axial convection and reaction in the trans-
verse direction. The dispersion effects because of the trans-
verse convective flow are captured at order Pe2 and higher.
When the value of Pe is large, the expansion must be carried
to higher orders in Pe so that the reduced model can capture
the effect of the transverse convection.

The mixing-cup average temperature ym and capacitance-
weighted average temperature hyi are equal at leading order, since

ym ¼ hyi þ Pe
h�uy1i
h�ui þ OðPe2Þ: (13)

The reaction rate can be determined from the Taylor series

�rðyÞ ¼ �rðhyi þ y0Þ � �rðhyiÞ þ d�r

dy
ðhyiÞy0; (14)

Solving the ‘‘averaged equation’’ for qhyi=qt, and then
inserting the results into Eq. 12 yields at leading order:

£y1 ¼ ð�u� h�uiÞ qhyi
q�z

þ ðK � hKiÞ�rðhyiÞ (15)

If parameters Z and w are now defined according to

£Z ¼ �u� h�ui; (16)

£w ¼ K � hKi: (17)

one obtains

y1 ¼ Z
qhyi
q�z

þ w�rðhyiÞ (18)

Equations 16 and 17 are referred to as the ‘‘local equa-
tions’’ and show that Z is caused by the gas velocity gradient
in the transverse direction, and w is caused by the nonuniform
reaction rate in the transverse direction. It should be pointed
out that Z and w both satisfy the continuity conditions at the
interface between different phases, and the no flux condition
at the boundary of the domain O. Furthermore, the conditions
hZi ¼ 0 and hwi ¼ 0 must hold true as hy1i ¼ 0.

To leading order, the reduced model is obtained by substi-
tuting Eqs. 14 and 18 into Eq. 10:

qhyi
qt

þ h�ui qym
q�z

þ hKi�rðhyiÞþ

Pe
d�r

dy
ðhyiÞ hKZi qhyi

q�z
þ hKwi�rðhyiÞ

� �
¼ 0 ð19aÞ

Furthermore, substitution of Eq. 18 into Eq. 13 gives

ym � hyi ¼ Pe
h�uZi
h�ui

qhyi
q�z

þ h�uwi
h�ui �rðhyiÞ

� �
(19b)

We will solve these equations in subsequent sections of
this article. At this juncture, it is worthwhile to point out that
the two local constants in Eq. 19b (h�uZi=h�ui and h�uwi=h�ui)
represent thermal dispersion effect because of axial velocity
gradients in the transverse direction, and the two local con-
stants in Eq. 19a (hKZi and hKwi) represent thermal disper-
sion effects because of a nonuniform reaction.

Derivation of the Reduced Thermal Model

In this section the local constants are determined. To begin,
the functions Z and w are obtained by solving the local Eqs. 16
and 17. Opris and Johnson15 have shown that a Poiseuille type
flow can be assumed in the z-direction. For simplicity, assum-
ing the transverse velocity is independent of axial distance
yields the following velocity profiles in the inlet channel:
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u1 ¼ 3

2
ð1� �zÞð1� x2Þ (20a)

�v1 ¼ �

2
ð3x� x3Þ (20b)

By mass continuity, a similar velocity profile can be
obtained for the outlet channel. The axial velocity distribu-
tion is thus given by:

�u ¼

3

2
ð1� �zÞð1� x2Þ; i ¼ 1ð0 � x � 1Þ

0; i ¼ 2; 3ð1 � x � 1þ �wb þ �wsÞ
3

2
�z ½1� ð2þ �wb þ �ws � xÞ2�;

i ¼ 4ð1þ �wb þ �ws � x � 2þ �wb þ �wsÞ

8>>>>>>><
>>>>>>>:

(21)

The transverse velocity distribution can also be derived
but is not needed at order Pe in the Liapunov–Schmidt
reduction method presented in Eq. 19 above.

The cross-sectional average velocity is given as:

h�ui ¼ 1

OCp

Z
O

ðrCpÞ�udO ¼ 1

d
(22)

where d ¼ 2 þ wb[(1 � ep)Gp þ ep] þ ws[(1 � ew)Gw þ ew.
Also, the cross-sectional averaged reaction rate is given as:

hKi ¼ 1

OCp

Z
O

rCpKdO ¼ �spBDa (23)

with

sp ¼ ½ð1� epÞGp þ ep��wb

d

representing the ratio of the heat capacity of the deposit layer
to the total heat capacity of the filter. The value of sP is
determined by the initial loading and is an important and eas-
ily controlled design parameter in DPF regeneration.

To simplify the calculation of Z and w, constant values of
Z and w at the solid phase (1 < x < 1 þ wb þ ws) are
assumed in the thin, transverse direction because of a short
heat conduction timescale. A uniform solid phase tempera-
ture in the x direction is the common assumption which has
been used in many 1D DPF models.4,16 With this assumption
in mind, Eqs. 16 and 17 can be solved to yield:

Z ¼

ð1� zÞ 3

4
x2 � 1

8
x4

� �
� 1

2d
x2

þ 9

10d
� 2

3d2
� 5

8
ð1� �zÞ; 0 � x � 1

2

5d
� 2

3d2
; 1 � x � H � 1

z
3

4
ðH � xÞ2 � 1

8
ðH � xÞ4

� �
� 1

2d
ðH � xÞ2

þ 9

10d
� 2

3d2
� 5

8
�z; H � 1 � x � H

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(24)

w ¼

spBDa
2

x2 þ 2

3d
� 1

2

� �
spBDa; 0 � x � 1

2

3d
spBDa; 1 � x � H � 1

spBDa
2

ðH � xÞ2 þ 2

3d
� 1

2

� �
spBDa; H � 1 � x � H

8>>>>>>><
>>>>>>>:

(25)

where H ¼ 2 þ wb þ ws.
These expressions can be used to determine the local con-

stants as:

huZi ¼ 1

d
f ð�zÞ ¼ 1

d
4

5d
� 2

3d2
� 17

35
½ð1� �zÞ2 þ �z2�

� �
(26a)

huwi ¼ spBDa
d

2

3d
� 2

5

� �
(26b)

hKwi ¼ � 2

3d
ðspBDaÞ2 (26c)

hKZi ¼ spBDa
d

2

3d
� 2

5

� �
(26d)

which can be substituted into Eq. 19. The initial conditions
for hyi and ym are simply the capacitance weighted average
and mixing cup average of the initial conditions of y,

hyiðt ¼ 0Þ ¼ ymðt ¼ 0Þ ¼ yinlet (27)

The Danckwerts boundary condition can be derived from
Eq. 19b and the inlet condition:

ym0 � hyi ¼ Pe
4

5d
� 2

3d2
� 17

35
½ð1� �zÞ2 þ �z2�

� �
qhyi
q�z

(28)

where ym0 is the mixing cup average of inlet temperature. It
is noted that the reduced model Eqs. 19 and 26 shows that
the system behavior determined by three constants: the trans-
verse Peclet number Pe, the total heat capacity d, and the
product sp BDa (product of the ratio of heat capacity of the
deposit layer over the total heat capacity sp, the dimension-
less adiabatic temperature rise B, and the reactor scale Dam-
köhler number Da). It is noted that when sp is equal to zero,
the reduced model collapses into to the classical convection
and diffusion model without reactions.

Comparison with the Full 1D Model

In this section, the simulation results of the reduced model
are compared with that of the classical Bissett 1D full model4 in
terms of the ignition time and ignition length for different inlet
temperatures. Pertinent physical property data and channel pa-
rameters used in our simulations is available in Table 1. When
using a reproduction of the Bissett model, a plot of the regenera-
tion efficiency (deposit consumption divided by initial loading)
vs. time is created for each inlet temperature. The ignition time
is defined by extrapolating this efficiency vs. time graph to zero
efficiency, as seen in the example of Figure 2. Also, the ignition
length is defined as the first point at which the local thickness of
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the deposit layer decreases to zero. For the reduced model, a
plot of the maximum temperature vs. time is utilized so that the
ignition length is estimated at the location of maximum temper-
ature. Figure 3 shows an example of estimating the ignition
time using the reduced model.

Comparison between a reproduction of the Bissett model4

with that of the reduced model (this work) is shown in

Figure 4 for the ignition time and Figure 5 for the ignition
length. It can be seen that there is a very good agreement.
The reduced model has some error (less than 10%) for the
case of downstream ignition. This is likely due to the
assumption of negligible reactant consumption before igni-
tion. Reproductions of the Bissett4 model show modest
reduction in the deposit layer thickness prior to ignition. The
model appears to perform better when the ignition is closer
to the leading edge, when there is little reactant consumption
before ignition.

Analytical Ignition Time

In this section, the reduced model will be used to derive
an analytical expression for the ignition time. Furthermore,
the influence of various parameters on ignition will be
discussed.

Table 1. Physical Properties and Operating Parameters

Gas parameters
P 1.013 � 105 (Pa)
Cpg 1.17 (J/g K)
kg 2.38 � 10�2 (W/m K)
Rgas 8.314 (J/mol K)
Mair 28.5 (g/mol)
rg rg ¼ PMair/RgasTin (g/cm

3)
Gf 0.272 (g/cm2 s)
uR uR¼ Gf/2rg (cm/s)
yf 0.154
To 600 K

Monolith parameters
D 0.211 (cm)
L 25.4 (cm)
ws 4.76 � 10�2 (cm)
ew 0.5
rw 2.58 (g/cm3)
Cpw 1.11 (J/g K)
kw 2.1 (W/m K)

Carbon (deposit) parameters
Cpp 1.51 (J/g K)
rp 0.55 (g/cm3)
kp 0.84 (W/m K)
ep 0.5
DH �3.93 � 105 (J/mol)
E/R 1.8 � 104 (K)

Averaged model parameters (dimensionless quantities)
b 1 þ Tinlet/18,000
sp 0.0134
B 3.905 � 108/Tinlet

2

Da 1.041 � 108 exp (�18,000/Tinlet)
Pe 0.342
d 1.038 � 103

Figure 2. The regeneration efficiency as a function of
time.

The data are calculated from a reproduction of Bissett’s 1D
model4 for an inlet temperature 660 K. Other conditions are
taken from Table 1.

Figure 3. The maximum capacitance-weighted average
temperature as a function of time.

The data are calculated from the reduced model for an inlet
temperature 660 K. Other conditions are taken from Table 1.

Figure 4. The ignition time as a function of the inlet
temperature.

Simulation data, plotted as diamonds, are taken from the
reduced model. Simulation data, plotted as stars, are taken
from a reproduction of the model of Bissett.4 The analytical
estimate of Eq. 32 is plotted as a solid line.
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Substitution of Eq. 19b into Eq. 19a and keeping terms of
O(Pe) gives

qhyi
qt

þ Ueff

qhyi
q�z

¼ aeff
q2hyi
q�z2

þ Keff�rðhyiÞ (29)

which is valid after the two modes (average temperature and
mixing-cup temperature) are in thermal equilibrium, usually
after t.t0d=tc ¼ Pe. In Eq. 29, the effective velocity, thermal
dispersion, and reaction rate are given by:

ueff ¼ 1

d
1þ Pe gð�zÞ þ 4

3s
� 4

5

� �
spBDa

d�r

dy
ðhyiÞ

� �� �
;

aeff ¼ �Pe
f ð�zÞ
d

Keff ¼ spBDa 1þ Pe
2spBDa d�r

dy ðhyiÞ
3d

� �
;

with

f ð�zÞ ¼ 4

5d
� 2

3d2
� 17

35
½ð1� �zÞ2 þ �z2�;

gð�zÞ ¼ qf
q�z

¼ � 34

35
ð2�z� 1Þ:

Equation 29 is similar to the classical convection-diffu-
sion-reaction model of packed-bed reactors. The new feature
that appears in the DPF regeneration problem is the presence
of corrections to the velocity Ueff and source term Keff. How-
ever, as these factors are of order Pe (note that Pe << 1 for
the DPF) one obtains to leading order Ueff ¼ 1=d and Keff ¼
sp BDa. Finally, the dispersion coefficient aeff is a weak
function of z (f(z) has a maximum value of �0.25 at z ¼ 0.5,
and minimum value of �0.49 at z ¼ 0 or 1), and will be
replaced here with the average value of �0.32 to obtain an
analytical estimate.

To get an explicit equation for ignition time, the reaction
kinetics are reduced to a zero order Frank–Kamenetskii form
given by r(hyi) ~ A exp[b(hyi � hyiinlet)]. The dimensionless
reaction rate, assuming constant oxygen concentration
throughout the deposit layer, is given as

�r ¼ kðTÞ
kðTRÞ ¼

T

TR
exp �E

R

1

T
� 1

TR

� �� �

In terms of y ¼ E=ðRT2
RÞðT � TRÞ and B ¼ E=ðRTRÞ this can

be written as

�rðyÞ ¼ 1þ y
B

� �
exp

y
1þ y=B

� �

The values of A and b, depending on the initial conditions,
can be calculated from the equations A ¼ r(y ¼ 0) ¼ 1 and

b ¼ d�r=dyðy ¼ 0Þ ¼ 1þ 1
B, respectively.

Furthermore, defining the parameters u ¼ b(hyi � hyiin),
t0 ¼ ðU2

eff=aeffÞt, y ¼ ðUeff=aeffÞ�z, c ¼ ðaeffKeffAbÞ=U2
eff , and

Z ¼ �b hyinleti yields:

qu
qt0

þ qu
qy

¼ q2u

q2y
þ cev (30)

This equation has been solved analytically by Leighton and
Chang9 to predict the ignition time (time for the temperature to
reach infinity) for small values of the parameter c. They indi-
cated that a downstream ignition will take place at the point
just behind the thermal boundary layer that propagates into the
reactor (in this case the DPF). Their expression is given as:

t0c ¼ 1þ 2
ffiffiffiffi
c

p 


 lnð ffiffiffiffi
c

p
=2ZÞ




1=2 (31)

or in terms of the original dimensionless variables:

tig ¼ 1

bspBDa

�
1þ 1:14

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bspBDaPed

p
�



 lnð0:28 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bspBDaPed
p

=ð�bhyinletiÞ



1=2� ð32Þ

Equation 32 has been derived with two major approxima-
tions: negligible reactant consumption and a zero order reac-
tion rate approximation (Frank–Kamenetskii or positive ex-
ponential approximation). A comparison between the full one
dimensional model and the analytical solution is shown in
Figure 4. This is an appropriate comparison since 1D and 2D
DPF models have shown excellent agreement.17 Figure 4
also shows the reduced model for completeness. There is
excellent comparison for the case of downstream ignition.

We note that as the parameter c is increased to unit order,
the ignition location moves upstream towards the leading
edge of the DPF, and Eq. 30 breaks down. This results in a
prediction of a faster ignition. Figure 4 shows that when the
inlet temperature is greater than 750 K, there is about a 5–8
s difference in the ignition time.

However, ignition occurs at the leading edge of channel
for inlet temperature above 750 K. After ignition, the thermal

Figure 5. The dimensionless ignition length as a func-
tion of the inlet temperature.

Simulation data, plotted as diamonds, are taken from the
reduced model. Simulation data, plotted as stars, are taken
from a reproduction of the model of Bissett.4
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front moves downstream because of convective flow, and
thus ignites the remaining particulate soot in sequence.
Therefore, 750 K is high enough to obtain a complete regen-
eration, A higher inlet temperature will not improve regener-
ation performance but increase the fuel penalty. This analyti-
cal estimate can be used with confidence for most operating
conditions.

Conclusions

A new reduced model is derived here by averaging a 2D
thermal model based on the Liapunov–Schmidt technique.
This reduced model is expressed in terms of two average
temperature variables (the capacitance weighted average tem-
perature and the mixing cup average temperature) and two
coupled equations for these variables. It has been shown that
this reduced model has a very good agreement with the clas-
sic Bissett 1D model in the prediction of the ignition behav-
ior (ignition time and ignition length). It should be noted that
this reduced model is effective only when the transverse dif-
fusion time is much smaller than the axial convection time.
This requirement is usually satisfied in the case of low
exhaust flow rates.

Several assumptions have been made to derive the reduced
model: negligible soot consumption, constant oxygen concen-
tration, and constant transverse flow in the solid phase. It
should be noted that these assumptions are applicable only
before ignition. They introduce little error to describe the
ignition behavior in the reduced model.

It is worth mentioning that the thermal dispersion, a cou-
pling of the transverse diffusion (short-scale) and axial con-
vection (long-scale), is the dominant effect [order of O(Pe)]
for the ignition phenomena. Axial heat conduction is much
smaller compared with the axial thermal dispersion, thus it is
safely omitted in the reduced model. The short scale (trans-
verse) convection, which is the unique characteristic for the
filter problem, is captured in the term of order Pe2. When
the value of Pe is very small, the transverse convection can
be safely neglected.

The reduced model presented here can be used to perform
analytical analyses of the ignition behavior in DPF system. An
analytical equation (Eq. 32) has been derived here from the
reduced model by reducing the reaction kinetics to a Frank–
Kamenetskii form. The analytical equation is in very good
agreement with numerical solutions of the full model and the
reduced model in terms of ignition time, and provides an easy
way to predict the ignition time which is a key parameter for
designing, controlling, and optimizing DPF systems.
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Appendix: Governing Equations

The energy equation in the inlet/outlet channel is a two
dimensional partial differential equation which includes the
heat accumulation term, axial and transverse convection, and
axial and transverse heat conduction, written in terms of the
temperature T:

qTi
qt

þ ui
qTi
qz

þ vi
qTi
qx

¼ ag
q2Ti
qz2

þ q2Ti
qx2

� �
(A1)

where the subscript i identifies the different phases: i ¼ 1 for
inlet channel (0 � x � h), i ¼ 2 for the deposit layer (h � x
� h þ wb), i ¼ 3 for the substrate wall (h þ wb � x � h þ
wb þ ws), and i ¼ 4 for the outlet channel (h þ wb þ ws �
x � 2h þ wb þ ws). In Eq. 1, ui is the axial velocity, vi is
the transverse velocity, and ag is the gas thermal diffusivity.

It should be noted that the gas temperature equilibrates
much more rapidly than the solid temperature in the DPF.
Therefore, a quasi-steady state approximation for the exhaust
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flow in the channel can be used. However, the accumulation
term in the gas phase is kept to derive the reduced model
using the Liapunov–Schmidt technique.

A pseudo-homogenous model can be used for the solid
phases (cases when i ¼ 2 and 3). Since the interphase heat
transport time is several orders of magnitude smaller than the
typical residence time because of the very small pore size in
the deposit layer, the gas and solid temperatures can be
assumed to be equal. With the above assumptions, the energy
equation in the deposit layer is given as:

½ð1� epÞðrCpÞp þ epðrCpÞg�
qT2
qt

þ epðrCpÞg v2
qT2
qx

¼ kep
q2T2
qz2

þ q2T2
qx2

� �
þ H0

reactionðy; T2Þ ðA2Þ

and in the substrate wall:

½ð1� ewÞðrCpÞw þ ewðrCpÞg�
qT3
qt

þ ewðrCpÞg v3
qT3
qx

¼ kew
q2T3
qz2

þ q2T3
qx2

� �
ðA3Þ

Here, ep is the void fraction of the deposit layer, ew is the
void fraction of the substrate wall, r represents density, Cp

heat capacity, kep and kew are the effective thermal conduc-
tivities of the deposit layer and wall, and Hreaction

0
(y,T) ¼

(�DH) rreaction (y,T) is the energy release per unit time per
unit volume.

Equations A1–A3 can be combined into a general form

a
q2T
qx2

¼ qT
qt

þ u
qT
qz

� a
q2T
qz2

þ g v
qT
qx

þ H0 (A4)

where, a is a vector of thermal diffusivities, given by

a ¼

kg
ðrCpÞg ; i ¼ 1; 4

kep=ðrCpÞg
ð1� epÞGp þ ep

; i ¼ 2

kew=ðrCpÞg
ð1� ewÞGw þ ew

; i ¼ 3

8>>>>>>><
>>>>>>>:

;

where Gp ¼ ðrCpÞp=ðrCpÞg is the thermal capacitance ratio

of the particulate matter to the gas and Gw ¼ ðrCpÞw=ðrCpÞg
is the thermal capacitance ratio of the substrate wall to the

gas. In Eq. A4, g is the heat capacity ratio of the different
phases to the gas heat capacitance (rCp)g, and is given by

g ¼
1; i ¼ 1; 4

ep
ð1� epÞGp þ ep

; i ¼ 2

ew
ð1� ewÞGw þ ew

; i ¼ 3

8>>><
>>>:

Furthermore, the source term H0 is given by

H0 ¼
� H0

reaction

ð1� epÞðrCpÞp þ epðrCpÞg
; otherwise i ¼ 2

0;

8><
>:

Finally, it is noted that u2 ¼ u3 ¼ 0.
The boundary conditions are:

qT1
qx

¼ 0 at x ¼ 0;

qT4
qx

¼ 0 at x ¼ 2hþ wb þ ws;

qT2
qz

¼ 0 at z ¼ 0 and z ¼ L;

qT3
qz

¼ 0 at z ¼ 0 and z ¼ L;

u1 ¼ 0 at x ¼ h;

u4 ¼ 0 at x ¼ hþ wb þ ws;

u1 ¼ 0 at z ¼ L;

u4 ¼ 0 at z ¼ 0;

v1 ¼ 0; at x ¼ 0;

v4 ¼ 0; at x ¼ 2hþ wb þ ws;

T1 ¼ Tinlet; u1 ¼ uinlet at z ¼ 0

The initial conditions are Ti ¼ Tb when t ¼ 0 for all z and
x. Furthermore, there are the usual momentum, temperature,
and heat flux continuity conditions at the interfaces. These
equations are rendered dimensionless according to the proce-
dure illustrated in the mathematical model section of the
main text to give Eq. 1.
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